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Abstract
The aim of this paper is to present a new approach to construct con-
stants of motion associated with scaling symmetries of dynamical systems.
Scaling maps could be symmetries of the equations of motion but not of
its associated Lagrangian action. We have constructed a Noether inspired
theorem in a vertical extended space that can be used to obtain constants
of motion for these symmetries. Noether theorem can be obtained as a
particular case of our construction. To illustrate how the procedure works,
we present two interesting examples, a) the Schwarzian Mechanics based
on Schwarzian derivative operator and b) the Korteweg-de Vries (KdV)
non linear partial differential equation in the context of the asymptotic
dynamics of General Relativity on AdS3. We also study the inverse of
Noether theorem for scaling symmetries and show how we can construct
and identify the generator of the scaling transformation, and how it works
for the vertical extended constant of motion that we are able to construct.
We find an interesting contribution to the symmetry associated with the
fact that the scaling symmetry is not a Noether symmetry of the action.
Finally, we have contrasted our results with recent analysis and previ-
ous attempts to find constants of motion associated with these beautiful
scaling laws.
1 Introduction
Given the importance of scaling symmetries in many areas of physics like hy-
drodynamics, classical mechanics [1], renormalization, thermodynamics, phase
transitions, critical phenomena, and non relativistic conformal field theories
[2, 3], an interesting question is if we can apply Noether theorem to these type
of symmetries and obtain an associated conserved quantity. This question has
been addressed recently [4] (to see previous attempts the reader is referred to
[5]), and a modified Noether theorem has been constructed. The problem to
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apply the Noether theorem to scaling symmetries is that these kind of symme-
tries are NOT Noether symmetries, they change the Lagrangian by a numerical
factor times the Lagrangian itself, and a total derivative with respect to time.
We need to modify Noether theorem to allow these type of symmetries to enter
in the framework of the Noether theorem. Nevertheless, the scaling infinitesi-
mal symmetries are symmetries of the equation of motion in the sense that they
satisfy the equation of variations1.
Unfortunately, the price to pay in the construction presented in [4] is quite
high. This “generalized Noether theorem” applied to scaling symmetries has
implicit that we know the complete solution of the system to construct an asso-
ciated constant of motion. At first sight, all the attempt appears as a practical
non sense, but nevertheless the construction can be used to learn interesting
properties of systems with scaling symmetries. In fact, the construction is
closely related with Hamilton-Jacobi theory from classical mechanics. One open
question is if the modified Noether theorem for scaling infinitesimal symmetries
admits an inverse like Noether theorem. To be precise, if the conserved quantity
associated with the scaling infinitesimal symmetry can be used to reconstruct
the scaling infinitesimal symmetry. In fact, we can identify the generator of
the scaling symmetry, but as the generator is NOT a constant of motion of the
system, the resulting symmetry is non-Noether. In this paper, we will show
that the inverse of Noether theorem applied to the conserved quantity obtained
in [4] produces another symmetry, different from the scaling symmetry. This is
another way to see that the scaling symmetry is non-Noether.
Next, we will present a central result of this paper, a complete new perspec-
tive to find conserved quantities associated with non-Noether scaling symme-
tries. Our procedure consists of two steps. First, we will use the formalism of
the vertical extension of a Lagrangian system [7]. This extension has the ad-
vantage of working even when the symmetries are non Noether, i.e. symmetries
of the equations of motion that are not symmetries of the action. In fact, the
aim of the vertical extension is to have a conceptual framework to include in
the same footing the Lagangian variational equations of motion and the Jacobi
equations. The symmetries of the system are controlled by these fundamental
Jacobi equations, in the sense that the solutions of these equations, also know as
the equations of variations, are symmetries of the equations of motion. Some of
these symmetries could also be Noether symmetries, so they are also symmetries
of the Lagrangian action. Second, we will use this vertical extension for the spe-
cific case of scaling symmetries that are in general symmetries of the equations
of motion but NOT symmetries of the action to construct a Noether theorem.
Fortunately, we can construct a Noether inspired theorem that allows to find
a conserved quantity associated with non Noetherian scaling symmetries. Our
procedure does NOT need that we know the complete solution of the dynamical
system a priori to construct the associated conserved quantity! In this way, we
have a crucial improvement over the original proposal presented in [4].
We will present two interesting non trivial examples in the context of the
Noether theorem for scaling symmetries and from the point of view of the ver-
tical extension. The first example is a dynamical system constructed from a
powerful SL(2, R) symmetry based on the Schwarzian derivative operator. Be-
1Another approach is to work with these type of symmetries in the context of non-
Noetherian symmetries (also called s-equivalent symmetries) but we will not follow this ap-
proach here. For details, we will refer the reader to [6].
2
cause sl(2, R) is a finite-dimensional subalgebra of the Virasoro algebra, the
Schwarzian derivative arises naturally within the context of string theory. In
recent years, there has been much activity in studying 1d quantum mechanics
that arises as the low energy limit of the solvable theory with maximally chaotic
behaviours − the so called Sachdev-Ye-Kitaev model. A peculiar feature of the
system is that its Lagrangian density is proportional to the Schwarzian deriva-
tive of a specific function.
Schwarzian mechanics is a classical mechanical model that in some sense
mimics some of the properties of this interesting dynamical system. It is a sys-
tem which is governed by the third order equation of motion, Schw(ρ(t)) = λ,
where λ is a constant and Schw is the Schwarzian derivative operator . The
Hamiltonian formulation is unconventional and a Lagrangian formulation was
missing until the work presented in [8]. We found that this Lagrangian for-
mulation has an interesting anisotropic scaling that is not a symmetry of the
action but is a symmetry of the equation of motion. A very interesting relation
between this model and the de Alfaro-Fubini-Furlan (AFF) conformal mechan-
ics [9] was found recently in [10]. We believe that this result could be used to
map constants of motion of the Schwarzian mechanics associated with scaling
symmetry to constants of motion of the AFF conformal mechanics [11].
The second example comes from the work [12] on asymptotic symmetries
of the bulk gravity in AdS3 with modified boundary conditions that general-
izes the boundary conditions of Brown-Henneaux [13] to associate asymptotic
symmetries of the bulk gravity action in AdS3 with symmetries of a CFT in
1 + 1. The modified boundary condition gives rise to KdV equations. Notice
that we have instead an integrable nonrelativistic equation with an infinite set
of commuting conserved charges, implying the integrability of the system.
This beautiful discovery was also made for the so called potential modified
KdV partial differential equations (pmKdV), but in this case, the asymptotic
symmetries correspond to anisotropic Lifshitz scalings with dynamical exponent
z that are Noether symmetries. So, for our proposes the interesting case is
the non-linear partial differential evolution equation corresponding to the well
known KdV dynamical system, because in that case we have anisotropic scaling
that is a symmetry of the equation of motion but not of the Lagrangian action.
A unified approach of the two cases, pmKdV and KdV, is presented in [14].
In ref. [12], the authors suggest that the scaling properties of the KdV La-
grangian action can be worked out in terms of the generalized Noether theorem
for scaling symmetries [4]. We will show here that the correct point of view to
attack this problem is by using our theory developed in section 3. In fact, we
were unable to work this interesting example in the context of [4].
We will present the two examples in the context of generalized Noether
theorem for scaling symmetries and in the context of the vertical extension, so
that the reader can contrast the advantages or inconveniences of one approach
or the other.
Scaling symmetries are also quite relevant in the construction of the recent
studies on non relativistic AdS/CFT, Horava gravity, anisotropic mechanics,
Scrhoedinger group, Bargmann and Carroll groups, and Newton-Cartan alge-
bras.
3
2 Review of the generalized Noether theorem
for scaling symmetries
In this section, we will review the central idea of the generalized Noether theorem
for scaling symmetries, and present a new result using the inverse of Noether
theorem to construct a symmetry associated with the corresponding constant of
motion. As the scaling symmetry is a non Noether symmetry, it is not generated
by a constant of motion. The question is what is the symmetry associated with
the constant of motion obtained via this generalization of Noether theorem. It
is clear that it is NOT the scaling symmetry.
Consider a scaling mapping given by
qi → λaqi, t→ λbt,
where a, b are some given constants. The corresponding infinitesimal transfor-
mation
∆sq
i = aqi − bq˙it (1)
is a symmetry of the equations of motion if the forces satisfy (see appendix)
− bt
∂F i
∂t
+ (a− 2b)F i − (a− b)
∂F i
∂q˙j
q˙j −
∂F i
∂qj
aqj = 0. (2)
The infinitesimal transformation (1) is a generalized Lagrangian symmetry if
we can find a number Λ and a function f such that
∆L = ΛL(q, q˙, t) +
df
dt
. (3)
If the number Λ is zero, the scaling mapping (1) is a Noether symmetry associ-
ated to the Lagrangian L. The number Λ depends on the Lagrangian description
of the dynamical system and is a function of the constants a, b, Λ = Λ(a, b).
Now, according to [4], it is still possible to find a constant of motion associ-
ated with the generalized symmetry Λ 6= 0 given by
CS =
∂L
∂q˙j
(aqj − bq˙jt)− f − ΛS(t), (4)
where S(t) is the Lagrangian action
S =
∫
Ldt.
Of course, if we want to know explicitly the action functional (and then the
constant of motion CS), we need to know the complete solution of the system
according to the boundary data of the variational principle. Nevertheless, it is
interesting to observe that the on shell derivative, hereafter denoted with a bar,
of CS is in fact zero
2
d¯CS
dt
= 0,
2Our notation is
d¯C
dt
= F i
∂C
∂q˙i
+ q˙i
∂C
∂qi
+
∂C
∂t
.
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by using the Lagrangian version of the Hamilton-Jacobi equation [1]
d¯S
dt
= L,
which implies
d¯
dt
(
∂L
∂q˙j
(aqj − bq˙jt)− f) = ΛL.
The apparent non locality in the definition of the constant CS disappears when
we consider S in (4) as a function of q, q˙, t and NOT as a functional of the
dynamical trajectory of the system.
Here we found an apparent paradox: if we use the constant of motion CS
to calculate a symmetry ∆qi using the inverse of Noether theorem, we found a
new symmetry
∆Sq
i =W ij
∂CS
∂q˙j
, (5)
where W ij denotes the inverse of the Lagrangian Hessian matrix Wij =
∂2L
∂q˙i∂q˙j
(see Appendix A2). This symmetry is a Noether symmetry (by construction)
and does NOT coincide with the scaling symmetry (1). In fact, we found that
the difference between the new symmetry and the scaling symmetry is
∆Sq
i −∆sq
i = −ΛW ij
∂S
∂q˙j
.
This is one of the results of this paper. In the following lines we will present a
proof of our result. To this end, define
G =
∂L
∂q˙j
(aqj − bq˙jt)− f.
With this definition, the constant of motion CS can be written as
CS = G− ΛS. (6)
Now we can show that G is the generator of the scaling symmetry using the
inverse of the Noether theorem (5)
∆sq
i =W ij
∂G
∂q˙j
.
For that end define
G =
∂L
∂q˙j
(aqj − bq˙jt)− f (7)
With this definition the constant of motion CS can be written as
CS = G− ΛS (8)
Now we will show that G is the generator of the scaling symmetry using the
inverse of the Noether theorem (5)
∆sq
i =W ij
∂G
∂q˙j
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where Wij is defined as
Wij =
∂2L
∂q˙i∂q˙j
and W ij is the inverse of Wij . For that end we will take the scaling transfor-
mation (1) and find the general form of its generator
Wij(aq
i − bq˙it) =
∂Gs
∂q˙j
for some Gs. As a consequence, Gs must be of the form
Gs =
∂L
∂q˙i
(aqi − bq˙it)− f,
for some function f to be determined below. It is straightforward to see that
−bt
∂L
∂q˙i
−
∂f
∂q˙i
= 0
must be fulfilled, which in turn implies
f = −Lδt.
But this is the function f that we need in order for the scaling transformation
to be a symmetry as defined in eq (3). Needless to say that the generator Gs
coincide with the generator G defined in (7).
As the generator G of the scaling symmetry is not a constant o motion the
symmetry is not a Noether symmetry.
Summarizing, using the inverse Noether theorem for the constant of motion
CS and asking for the form of the corresponding Noether symmetry associated
with this constant of motion, we found a new symmetry that differs from the
scaling symmetry by the term −ΛW ij ∂S
∂q˙j
. Notice that here, S is a function of
q, q˙, t. We do not advance any physical interpretation of this new symmetry,
but the constant of motion CS can be related with initial data by
CS = aq
i(0)q˙i(0).
This constant of motion has an interesting physical interpretation. For example,
in the case of the Kepler problem that was considered in [4, 15], CS is related
with the conservation of the Liouville flow in phase space. CS is also related
with two solutions of the Hamilton-Jacobi equation that differ by a Legendre
transformation and to the virial theorem in classical mechanics.
The other remarkable result is already presented in eq (8). We found that
the Lagrangian of a scale invariant theory is always the on shell derivative with
respect to time of the generator of the scaling symmetry
d¯G
dt
= ΛL. (9)
This last equation can be seen as a consequence of the scaling symmetry ∆sq
i
of the Lagrangian L(q, q˙, t). It defines the scaling symmetry. But on the other
hand, we now have from the definition of the action S that
d¯S
dt
= L. (10)
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This equation does not the depend on the scaling symmetry. So, given G as
the generator of the scaling symmetry, the equations (9) and (10) imply that
its difference G − ΛS is a conserved quantity, i.e. a constant of motion of the
system,
G− ΛS ∼ C
and this is the content of the Noether theorem for scaling symmetries.
The problem for the explicit construction of the constant of motion CS
is that we need the complete solution of the dynamical system. Some hints
on the form of the function CS could be guessed from its well defined scaling
properties (CS has dimensions of action and therefore scales as the action scales)
or/and the corresponding Hamilton-Jacobi theory. From CS we can reconstruct
the Lagrangian action S as the generator of the canonical transformation that
changes the variables qi, pi to Q
i, Pi where Q
′s and P ′s are constants of motion.
It could be of interest to find more properties associated with the new symmetry
presented here and the extensions of these ideas to field theory.
3 Vertical extension and the generalized Noether
theorem for scaling maps
We will propose a new approach to relate a constant of motion to scaling sym-
metries. First, we notice that an interesting setup to study the Noether theorem
for scaling maps is the formalism of vertical extension of Lagrangian dynamics.
This formalism has been developed in [7], and has the advantage to include in
the same footing the dynamics of the degrees of freedom qi and the symmetries
of the equations of motion represented by the Jacobi fields (for details see [7]).
The construction of this formalism for Lagrangian mechanics starts from
a well defined regular Lagrangian L(q, q˙, t) in tangent space with coordinates
(qi, q˙i), i = 1, . . . , n, and its vertical extension (qi, q˙i, ηi, η˙i), where ηi and η˙i are
the so called Jacobi Fields associated to the Jacobi equation of variations (see
below). Any solution of the Jacobi equations is a symmetry of the equations of
motion associated with the given Lagrangian L(q, q˙, t). The vertical extension
of the Lagrangian L is defined by3
γ(q, η, q˙, η˙) =
∂L
∂q˙i
η˙i +
∂L
∂qi
ηi. (11)
Notice that
∂γ
∂η˙i
=
∂L
∂q˙i
,
∂γ
∂ηi
=
∂L
∂qi
, (12)
so γ can be written as
γ(q, η, q˙, η˙) =
∂γ
∂η˙i
η˙i +
∂γ
∂ηi
ηi. (13)
3This definition of γ has the following property. First identify η with δq. We will call
it a projection from vertical extended space to configuration space. The projection is then
γ = δL. In terms of the projected γ Noether theorem is just EL(γ
∣∣∣
η=δq
) ≡ 0. If the symmetry
is non-Noether γ
∣∣∣
η=δq
is an s-equivalent Lagrangian (for details see [6]).
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Another equivalent expression for γ is
γ = −ηi(EMqi (L)) +
d
dt
(
∂L
∂q˙i
ηi
)
, (14)
where EMqi (L) are the Euler-Lagrange equations of motion associated with the
given Lagrangian L
EMqi (L) =
d
dt
∂L
∂q˙i
−
∂L
∂qi
. (15)
Now, a general infinitesimal variation of γ is
∆γ = −∆qi(EMqi (γ))−∆η
i(EMηi (γ)) +
d
dt
(
∂γ
∂q˙i
∆qi +
∂γ
∂η˙i
∆ηi
)
, (16)
where
EMηi (γ) =
d
dt
∂γ
∂η˙i
−
∂γ
∂ηi
(17)
are the equations of motion associated to the Lagrangian L, and EMqi (γ) are
the Jacobi equations that can be explicitly written as
Wij(q, q˙, t)η¨
j +Nij(q, q˙, t)η˙
j +Mij(q, q˙, t)η
j = 0, (18)
with the notation given in the appendix B. Notice that a solution of the Ja-
cobi equation is for the Jacobi fields ηi as functions of qi, q˙i, t and not for the
variations ∆q,∆η. This point is quite relevant to obtain projections from the
extended space to the configuration space. The variations ∆q,∆η can be defined
by its action on γ as follows.
Consider a scaling mapping in the configuration space
∆sq
i = aqi − bq˙it, (19)
where the parameters a, b are some constants associated with the anisotropic
scaling
qi → λaqi, t→ λbt.
As we already noticed the variation of L along this symmetry is given by
∆sL = Λ(a, b)L−
d
dt
(Lδt). (20)
Then we propose an extension of the scaling symmetry (19) to the vertical space
given by
∆sq
i = aqi − bq˙it, ∆sη
i = aηi − bη˙it. (21)
The action of this symmetry over γ is
∆sγ = Λ(a, b)γ −
d
dt
(γδt), (22)
with Λ(a, b) some function of the scaling parameters a, b. The action of the
extended scaling symmetry on γ defines the extension of the symmetry to the
vertical space.
We will call the extended symmetry (21) and its action over γ (11) the
vertical extension of the scaling symmetry ∆sq
i (19). Our definition of the
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extended symmetry and its action over γ is inspired in the same arguments
as the construction of the scaling mapping and the scaling properties of the
Lagrangian L. It is easy to show that the scaling properties of γ are the same
as the scaling properties of the original Lagrangian L.
Now, specializing ∆γ given in (16) to the scaling symmetry (21), we can
construct ∆sγ
∆sγ = −∆sq
i(EMqi (γ))−∆sη
i(EMηi (γ)) +
d
dt
(
∂γ
∂q˙i
∆sq
i +
∂γ
∂η˙i
∆sη
i
)
. (23)
Using (14) we can write (22) in the form
∆sγ = Λ(a, b)
(
−ηi(EMqi (L)) +
d
dt
(
∂L
∂q˙i
ηi
))
−
d
dt
(γδt). (24)
Equating the relation given in (23) with this last result (24) we obtain
−∆sq
i(EMqi (γ))−∆sη
i(EMηi (γ)) +
d
dt
(
∂γ
∂q˙i
∆sq
i +
∂γ
∂η˙i
∆sη
i
)
= (25)
Λ(a, b)
(
−ηi(EMqi (L) +
d
dt
(
∂L
∂q˙i
ηi)
)
−
d
dt
(γδt).
From here, we can read a conserved quantity in the vertical extended space
CEs =
∂γ
∂q˙i
∆sq
i +
∂γ
∂η˙i
∆sη
i − Λ
∂L
∂q˙i
ηi + γδt. (26)
Noticing that
∂γ
∂q˙i
=
∂L
∂q˙i∂q˙j
η˙j +
∂L
∂q˙i∂qj
ηj (27)
and
∂γ
∂η˙i
=
∂L
∂q˙i
, (28)
the constant of motion (26) in terms of the original Lagrangian function can be
written as
CEs =
(
∂L
∂q˙i∂q˙j
η˙j +
∂L
∂q˙i∂qj
ηj
)
∆sq
i − Λ
∂L
∂q˙i
ηi +
∂L
∂q˙i
∆sη
i + γδt, (29)
where γ is just the original definition (11).
This is the main result our paper. We want to remark that this result is quite
surprising. The constant of motion is based on the scaling symmetry (21) and
we not need to use the Lagragian action, as in the generalized Noether theorem
disused in our previously (see section 2). It seems to be a very interesting and
powerful result. To obtain dynamical information in the (q, q˙) space from this
constant of motion, we need to project it to configuration space. It is worth
noting that a particular solution of the Jacobi equation is a symmetry in the
configuration space, ηi = ηi(q, q˙, t). Remarkably, we can use this symmetry to
define the projection needed and we can use any solution of the Jacobi equation
for that end. In this way, we can associate to any symmetry (not just a Noether
symmetry) a constant of the motion in configuration space, generalizing the
9
standard Noether construction. Here, we want to remark that our construction
of the constant of motion is based on the scaling symmetry given in (21).
Now we have the following theorem: Given a constant of motion in extended
space CEs , and a particular solution of the Jacobi equations η
i, the restriction
of CEs to the subspace q
i, q˙i is a constant of motion in configuration space
CEs
∣∣∣
ηi
= Cq(q, q˙, t). (30)
Observe that in the basic relation (25), the equations of motion EMηi (γ) are
the same as the equations of motion EMqi (L), so we can write
d
dt
CE =
d
dt
(
∂γ
∂q˙i
∆sq
i +
∂γ
∂η˙i
∆sη
i − Λ
∂L
∂q˙i
ηi + γδt
)
= (31)
∆sq
i(EMqi (γ)) + (∆sη
i − Ληi)(EMqi (L)).
To prove this theorem, just observe that the derivative with respect to time
of CEs is
4
d
dt
CEs =
∂CEs
∂q˙i
EMi +
∂CEs
∂η˙i
EMJi. (32)
Here, we use a simpler notation where EMi are the equations of motion in the
configuration space and EMJi are the Jacobi equations. As the time derivative
commutes with the projection η = η(q, q˙, t) [16], we have
d
dt
(CEs )
∣∣∣
ηi
=
d
dt
(
CEs
∣∣∣
ηi
)
=
d
dt
Cq(q, q˙, t), (33)
so we can conclude that the derivative with respect to time of the projected
constant of motion (30) is
d
dt
Cq = (∆sη
i − Ληi)
∣∣∣
ηi(q,q˙,t)
EMqi . (34)
This proves our theorem. This result is crucial to extract dynamical information
to integrate the equations of motion in the configuration space. Another inter-
esting observation is that the projection of the scaling symmetry ∆sη
i
∣∣∣
ηi(q,q˙,t)
is
not generated by a constant of motion in the configuration space. Nevertheless,
the corrected symmetry
(∆sη
i − Ληi)
∣∣∣
ηi(q,q˙,t)
(35)
is generated by a constant of motion Cq and is a Noether symmetry in the
configuration space. This argument follows from the inverse of Noether theorem.
Interestingly enough, by comparison of the equations (31) and (32), we can
obtain the inverse of Noether theorem for scaling symmetries in extended space
∂C(q,η)
∂η˙i
=Wij∆sq
i,
∂C(q,η)
∂q˙i
=Wij(∆sη
i − Ληj). (36)
4Here, we are restricting ourselves to the case where the equations of motion in configura-
tion space and the equations of motion of the Jacobi fields are independent. For an example
where this condition is not fulfilled, see below.
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Surprisingly, the second relation produces a new symmetry that does not co-
incide with the starting symmetry of the Jacobi fields proposed in (21), but
comes corrected by the term Λη and produces a well defined symmetry of the
equations of motion for the Jacobi fields.
Just to summarize what we have achieved so far, we have constructed a con-
stant of motion in a vertical extended space by doubling the degrees of freedom
to include the Jacobi fields η along with the configuation space variables qi. The
construction of this constant of motion is based on the extended scaling symme-
try proposed in ([4]). Now, to extract dynamical information in configuration
space from this constant of motion in the extended space, we need a projection
to configuration space. This projection can be performed using any particular
solution of the Jacobi equations. The solution of these Jacobi equations are
symmetries of the equations of motion in configuration space, η = η(q, q˙, t).
This symmetry can be a Noether symmetry or just a symmetry of the equations
of motion, but not of the Lagrangian action. In either case, we have shown that
our formalism gives a constant of motion based on the scaling symmetry and
a particular solution of the Jacobi equation. So, in some sense, our procedure
associates a constant of motion to two symmetries, but one of them is given by
construction, the scaling symmetry.
To see how this vertical extension works, let us consider the Classical Me-
chanics of a Lagrangian of the form L = T − V and check if we have a scaling
transformation that is a symmetry of the equations of motion but not of the
action. To that end, consider a Lagrangian L = 12 q˙
2 − V (q). The associated
vertical extension is
γ = q˙iη˙i −
∂V
∂qi
ηi, (37)
and the conserved quantity is
CEs = η˙
i∆qi − Λq˙iηi + q˙i∆ηi + q˙iη˙iδt−
∂V
∂qi
ηiδt, (38)
which, substituting the scaling symmetries
∆sq
i = aqi − bq˙iδt, ∆sη
i = aηi − bη˙iδt, (39)
reduces to
CEs = aη˙
iqi − aq˙iηi − bη˙iq˙it+ bq˙iηi − bt
∂V
∂qi
ηi. (40)
Now it is easy to show that if V (µq) = µkV (q), then CEs is conserved and
the scaling parameters are a and b = a(1 − k/2). This in turn implies that
Λ = 2a− b = a(1+ k/2). This observation coincides with the result obtained in
[4]. In the particular case a = 2, b = 3, we obtain in the vertical extended space,
the analog of the beautiful result associated with the Kepler third law [4, 15].
The application of the inverse of the Noether theorem to the constant of
motion in the extended space CEs gives
∂CEs
∂η˙i
= aqi − btq˙i, (41)
which coincides with equation (39), and
∂CEs
∂q˙i
= −aηi − btη˙i + bηi, (42)
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corresponds to ∆sη
i = aηi − btη˙i and Λ = 2a− b, as expected from our general
analysis.
4 Examples
We will apply our methods to two interesting and non trivial examples, the
Schwarzian Mechanics [8] and the KdV equation [12].
4.1 Schwarzian mechanics
The action of Schwarzian mechanics is [8]
S = −
1
4
∫
dt
ρ¨2
ρ˙2
. (43)
The variation of the action is
∆S = −
1
4
∫
dt
{(
2
d2
dt2
(
ρ¨
ρ˙2
)
+ 2
d
dt
(
ρ¨2
ρ˙3
))
δρ+
dG
dt
}
, (44)
where
G = 2
(
ρ¨
ρ˙2
)
δρ˙− 2
(
ρ¨2
ρ˙3
)
δρ− 2
d
dt
(
ρ¨
ρ˙2
)
δρ. (45)
The equation of motion is
−
1
2ρ˙2
....
ρ + 2
ρ¨
ρ˙3
...
ρ −
3
2
ρ¨3
ρ˙4
= 0, (46)
which can also be written in the form
−
1
2ρ˙
d
dt
Schwρ = 0. (47)
where
Schw(ρ(t)) =
...
ρ (t)
ρ˙(t)
−
3
2
(
ρ¨(t)
ρ˙(t)
)2
(48)
is the Schwarzian derivative. The infinitesimal Noether symmetries associated
with the Schwarzian derivative are
ρ′(t) = ρ(t) + a, ρ′(t) = ρ(t) + βρ(t), ρ′(t) = ρ(t) + γρ(t)2, (49)
related with the sl(2,R) generators that can be constructed from the Noether
theorem,
EM∆ρ+
d
dt
(G − F ) = 0, (50)
where EM is the equation of motion and ∆ρ = δρ− ρ˙δt is the Noether symmetry
of the action. Here, F is a function such that ∆L = dFdt , and G is
G =
(
∂L
∂ρ˙
−
d
dt
∂L
∂ρ¨
)
∆ρ+
∂L
∂ρ¨
(∆ρ)·. (51)
So we conclude that C = G − F is a constant of motion associated with the
given symmetry.
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1. Invariance under translations: ∆ρ = 1, F = 0, and the conserved quantity
is the momentum
C =
...
ρ
2ρ˙2
−
ρ¨2
2ρ˙3
=
1
2ρ˙
(
Schwρ+
1
2
ρ¨2
ρ˙2
)
≡ P. (52)
2. Invariance under time translations: ∆ρ = −ρ˙, F = −L, and the conserved
quantity is
C = −
...
ρ
2ρ˙
+
3ρ¨2
4ρ˙2
= −
1
2
Schwρ. (53)
3. Invariance under space scaling: ∆ρ = ρ, F = 0, and the conserved quan-
tity is
C = ρP −
...
ρ
2ρ˙
≡ D. (54)
4. Invariance under special conformal transformations: ∆ρ = ρ2, F = −ρ˙,
and the conserved quantity is
C = ρ2P −
ρρ¨
ρ˙
+ ρ˙ ≡ K. (55)
Notice that the equation of motion (47) can also be written as
EM = −
d
dt
P = 0. (56)
Now, consider the anisotropic scaling transformation ∆ρ = aρ− bρ˙t, which
is a symmetry of the equation of motion, but not of the action since we have
∆S = −bS. Notice that the quantity Λ = −b depends only on the parameter
b, confirming that the non-Noether part of the anisotropic scaling is associated
with this parameter, i.e. ∆ρ = −bρ˙t. The corresponding G is
G = (a− b)D −
b
2
t Schwρ+ bρP, (57)
so, according to the generalized Noether theorem for scaling symmetries (8), the
conserved quantity CS is
CS = G+ bS, (58)
where S =
∫ t
0
dt L is the on shell action. In order to evaluate the on shell action,
observe that the Lagrangian can be written as
ρ¨2
4ρ˙2
= ρ˙P −
1
2
Schwρ. (59)
Therefore,
S = −
t∫
0
dt
ρ¨2
4ρ˙2
= −
t∫
0
dt ρ˙P +
1
2
t∫
0
dt Schwρ. (60)
But, since we are evaluating everything on shell, we know that P = const. and
Schwρ = λ = const., so we have
S = −P (ρ− ρ0) +
λ
2
t, (61)
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with ρ0 = ρ(t = 0). Taking ρ0 = 0 we find the constant of motion CS
CS = (a− b)D −
b
2
t Schwρ+ bρP + b
(
−ρP +
λ
2
t
)
, (62)
which simplifies to
CS = (a− b)D. (63)
This example has an interesting property: the scaling symmetry consists of
two symmetries, a Noether space scaling given by ∆ρ = aρ, whose generator is
D =
1
2
(
2ρP −
ρ¨
ρ˙
)
, (64)
and a scaling in time given by ∆ρ = −bρ˙t that is NOT a symmetry of the
action, but is rather a symmetry of the equation of motion. According to our
discussion in section 2, its generator is
G = −bD−
b
2
t Schwρ+ bρP, (65)
(we are restricting ourselves to the case a = 0). This generator is NOT a
constant of motion. Nevertheless, it generates the scaling symmetry ∆ρ = −bρ˙t
through the inverse of Noether theorem
∆ρ = −2ρ˙2
∂G
∂
...
ρ
= −bρ˙t. (66)
The generator G has also the interesting property
d¯
dt
G = b L, (67)
confirming eq. (9). It is worth noting that the application of the inverse of
Noether theorem to CS ∼ D produces the Noether scaling ∆ρ ∼ ρ. This is a
neat and clear example of our results discussed in section 2.
4.2 Schwarzian mechanics in the extended formalism
Schwarzian mechanics in the extended space is a beautiful example of the power
of our approach in the context of scaling maps (that may be Noether or non-
Noehther symmetries) and conserved currents associated with the symmetries
through the extended Noether theorem proposed in our previous section.
The starting point is the Lagrangian
L = −
1
4
(ρ¨/ρ˙)2,
and the associated extended Lagrangian
γ =
ρ¨2η˙
2ρ˙3
−
ρ¨η¨
2ρ˙2
.
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The equations of motion are5
EMη(γ) = −
3ρ¨3 +
....
ρ ρ˙2 − 4
...
ρ ρ˙ρ¨
2ρ˙4
= 0,
and
EMρ(γ) =
1
2ρ˙5
(
−
....
η ρ˙3 + 12ρ¨3η˙ − 3ρ˙ρ¨ (3ρ¨η¨ + 4
...
ρ η˙)+
2ρ˙2 (2
...
η ρ¨+ 2
...
ρ η¨ +
....
ρ η˙)
)
= 0.
In terms of the symmetry ∆sρ,∆sη in the extended space we have an asso-
ciated conserved quantity given by
CEs = b
(
−
ρ¨η˙
2ρ˙2
+ ηP + tγ
)
+
(
−
η¨
2ρ˙2
+
ρ¨η˙
ρ˙3
)
∆ρ˙+
1
ρ˙2
( ...
η
2
−
ρ¨η¨
ρ˙
− η˙ Schwρ
)
∆ρ−
ρ¨
2ρ˙2
∆η˙ + P∆η. (68)
Substituting the scaling symmetry given by
∆sρ = aρ− bρ˙t, ∆sη = aη − bη˙t, (69)
we can write the constant of motion in the extended space as
CEs =
1
2ρ˙4
(
ρ˙3 ((b− a)η¨ − bt
...
η )− ρ˙
(
ρ¨2 ((a+ b)η + 3btη˙) + 2aρ (ρ¨η¨ +
...
ρ η˙)
)
+
ρ˙2 (η˙ ((a− 2b)ρ¨+ bt
...
ρ ) + (a+ b)
...
ρ η + aρ
...
η + 3btρ¨η¨) + 3aρρ¨2η˙
)
.
To verify that this quantity is in fact a constant of motion we observe that
dCEs
dt
= −EM
(
aη − btη˙ + bη
)
− EMJ
(
aρ− btρ˙
)
,
where EM is the equation of motion in configuration space (EMη(γ)) and EMJ is
the Jacobi equation (EMρ(γ)). This central result has interesting consequences
for the definition of scaling symmetries through the so called inverse of Noether
theorem, as was stated in the main text (see section 3).
4.3 Conserved quantities in configuration space from CEs
Now, the projection η → 1 (translation) gives
CEs
∣∣
η=1
=
(a+ b)
...
ρ ρ˙2 − (a+ b)ρ˙ρ¨2
2ρ˙4
.
5The application of the extended space method to this example must be taken with care.
This is because the equations of motion in configuration space and the Jacobi equations are not
independent in the sense that the equation of motion for η depends on the “accelerations” of
the configuration space ρ(4)(t), so the definition of “force” is ambiguous off shell. Nevertheless,
our method is able to construct a consistent conserved quantity and symmetries. This fact
suggests that the construction of Dirac’s method of constrained dynamics in the extended
space could be an interesting research (work in progress).
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Recalling that the momentum is defined by
P =
1
2
( ...
ρ
ρ˙2
−
ρ¨2
ρ˙3
)
, (70)
we find that
CEs
∣∣
η=1
= (a+ b)P.
Now, projecting on η → aρ (space scaling), we find that
CEs
∣∣
η=aρ
=
ab
(
ρ ρ˙
...
ρ − ρ¨
(
ρρ¨+ ρ˙2
))
2ρ˙3
.
Observing the the dilatation generator is
D = ρP −
ρ¨
2ρ˙
, (71)
we find
CEs
∣∣
η=aρ
= abD.
Moreover, projecting on η → −btρ˙ (time scaling), we obtain
CEs
∣∣
η=−btρ˙
= −abD.
This symmetry is non-Noetherian, nevertheless our formalism is able to handle
this case without problems. The complete scaling symmetry ∆sρ = aρ − btρ˙
can not be used to obtain new information, according to the intuition that the
deformation of a constant of motion along its own Noetherian symmetry is in
general zero.
If we project on the special conformal symmetry η → ρ2, we obtain
CEs
∣∣
ǫ=ρ2
= −(a− b)K,
where K is
K = ρ˙−
ρρ¨
ρ˙
+
ρ2 (
...
ρ ρ˙− ρ¨)
2ρ˙3
,
which corresponds to the generator of conformal transformations.
Finally, invariance under time translations η → −ρ˙ gives
CEs
∣∣
η=−ρ˙
= −b Schw(ρ),
which is consistent with the our previous result in configuration space.
4.4 On the inverse of Noether theorem in Schwarzian me-
chanics
The aim of this subsection is to remark that in some particular cases the appli-
cation of the inverse of Noether theorem is not straightforward. This is the case
of our previous example, the Schwarzian mechanics. First, observe that C˙Es can
be written as
C˙Es = −EM(aη − btη + bη)− EMJ(aρ− btρ˙).
16
In the extended space, the equations of motion in configuration space are related
(this in turn implies that some constraints may appear in the corresponding
Hamiltonian analysis (see previous footnote). The explicit relation is
2η˙
ρ˙
EM+ EMJ− EMJ
∣∣∣
EM=0
= 0,
where EMJ
∣∣∣
EM=0
is the Jacobi equation on shell, i.e. the Jacobi equation eval-
uated over the equation of motion in configuration space. Thus, we have the
relation
C˙Es = −EM
(
∆sη + bη −
2η˙
ρ˙
∆sρ
)
− EMJ
∣∣∣
EM=0
∆sρ.
The equations of motion EM and EMJ
∣∣∣
EM=0
are now independent and we
can apply the inverse of Noether theorem to obtain
dCEs
dt
=
∂CEs
∂
...
η
EMJ
∣∣∣
EM=0
+
∂CEs
∂
...
ρ
EM. (72)
Consequently, we have
∂CEs
∂
...
ρ
= ∆sη + bη −
2η˙
ρ˙
∆sρ,
∂CEs
∂
...
η
= ∆sρ,
which coincides with the inverse of Noether theorem as reported in section 3,
up to the the term 2η
′(t)
ρ′(t) ∆sρ, whose origin was now explained.
4.5 KdV equation
Consider the 1 + 1 field theory with action
S =
∫
dtdσ
(
−
1
2
φ˙φ′ +
1
3
φ′3 −
1
6
φ′′2
)
. (73)
Here, the coordinates are xµ = (x0, x1) = (t, σ), and the dot and prime denote
differentiation with respect to t and σ, respectively. The corresponding equation
of motion is
EM = −
1
3
φ′′′′ − 2φ′φ′′ + φ˙′ = 0, (74)
Before listing the symmetries of the action (73), we first recall that for a field
theory with Lagrangian L = L(φ, ∂µφ, ∂µ∂νφ), which under the variation ∆φ
remains invariant up to a divergence, i.e., ∆L = ∂µF
µ, the Noether theorem
reads
EM∆φ+ ∂µ(G
µ − Fµ) = 0, (75)
where EM is the equation of motion
EM = ∂µ∂ν
∂L
∂(∂µ∂νφ)
− ∂µ
∂L
∂(∂µφ)
+
∂L
∂φ
, (76)
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and Gµ is
Gµ =
(
∂L
∂(∂µφ)
− ∂ν
∂L
∂(∂µ∂νφ)
)
∆φ+
∂L
∂(∂µ∂νφ)
∂ν(∆φ). (77)
When the equation of motion holds, there exists a conserved current Cµ =
Gµ − Fµ.
In our case, the Lagrangian L = − 12 φ˙φ
′ + 13φ
′3 − 16φ
′′2, Eq. (77) takes the
form
G0 = −
1
2
φ′∆φ,
G1 =
(
−
1
2
φ˙+ φ′2 +
1
3
φ′′′
)
∆φ−
1
3
φ′′(∆φ)′, (78)
which now allows us to find the symmetries and the corresponding conserved
currents of the KdV action (73).
1. Invariance under field displacements: ∆φ = 1, Fµ = 0. The conserved
current is
C0 = −
1
2
φ′,
C1 = −
1
2
φ˙+ φ′2 +
1
3
φ′′′. (79)
Notice that Eq. (75) takes the form
∂µC
µ = −EM, (80)
which means, as is well-known, that the KdV equation is a conservation law
of its own action.
2. Invariance under space translations: ∆φ = −φ′, F 0 = 0, F 1 = −L. The
conserved current is
C0 =
1
2
φ′2,
C1 = −
2
3
φ′3 +
1
6
φ′′2 −
1
3
φ′φ′′′. (81)
3. Invariance under time translations: ∆φ = −φ˙, F 0 = −L, F 1 = 0. The
conserved current is
C0 =
1
3
φ′3 −
1
6
φ′′2,
C1 =
1
2
φ˙2 − φ˙φ′2 −
1
3
φ˙φ′′′ +
1
3
φ˙′φ′′. (82)
4. Invariance under Galilean boosts: ∆φ = σ2 +tφ
′, F 0 = − 14φ and F
1 = tL.
The conserved current is
C0 =
1
4
φ−
1
4
σφ′ −
1
2
tφ′2,
C1 = −
1
4
σφ˙+
2
3
tφ′3 +
1
2
σφ′2 +
1
6
σφ′′′ +
1
3
tφ′φ′′′ −
1
6
φ′′ −
1
6
tφ′′2. (83)
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Furthermore, there is an important symmetry of the equation of motion (74),
which is not a symmetry of the action (73): the scaling transformation
φ→ λ−1φ, σ → λσ, t→ λ3t, (84)
whose infinitesimal version is ∆sφ = −φ − 3φ˙t − φ
′σ, and applied to the La-
grangian yields ∆sL = −2L − ∂t(3tL) − ∂σ(σL). Even though this transfor-
mation does not correspond to a Noether symmetry, we can find the function
Cµ = Gµ − Fµ which has the components
C0 =
1
2
φφ′ +
1
2
φ′2σ −
1
2
φ′′2t+ φ′3t,
C1 =
1
2
φφ˙− φφ′2 −
1
3
φφ′′′ +
3
2
φ˙2t− 3φ′2φ˙t− φ′′′φ˙t
−
1
3
φ′φ′′′σ −
2
3
φ′3σ +
1
6
φ′′2σ +
2
3
φ′φ′′ + φ˙′φ′′t. (85)
Thus, the conserved current obtained through the generalized Noether theorem
for scaling symmetries [4] formally reads
CµS = C
µ + 2Sµ, (86)
where Sµ is defined as
S0 =
1
2
t∫
0
dt′ L, S1 =
1
2
σ∫
0
dσ′ L, (87)
which have the property ∂µS
µ = L. Notice that according to [4], after the
integration of the Lagrangian, the functions Sµ must be re expressed in terms
of the field φ and its derivatives.
The inverse of Noether theorem for the KdV action (73) is
∆φ = 3
∂G1
∂φ′′′
. (88)
The symmetry generated by G1, Eq. (78) gives
∆sφ = −φ− σφ
′ − 3tφ˙, (89)
which is precisely the scaling symmetry (84). However, it is important to have
in mind that in this case the generator (85) is not a conserved quantity.
4.6 KdV equation in the extended formalism
The vertical extension of a field theory with Lagrangian L = L(φ, ∂µφ, ∂µ∂νφ)
is
γ =
∂L
∂φ
η +
∂L
∂(∂µφ)
∂µη +
∂L
∂(∂µ∂νφ)
∂µ∂νη. (90)
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If we consider a scaling transformation ∆sφ such that ∆sL = ΛL+∂µF
µ, then,
following the same steps of Section 3, we find the associated conserved current
in the extended space
Cµs =
(
∂γ
∂(∂µφ)
− ∂ν
∂γ
∂(∂µ∂νφ)
)
∆sφ+
∂γ
∂(∂µ∂νφ)
∂ν(∆sφ)
+
(
∂γ
∂(∂µη)
− ∂ν
∂γ
∂(∂µ∂νη)
)
∆sη +
∂γ
∂(∂µ∂νη)
∂ν(∆sη)
− Λ
(
∂L
∂(∂µφ)
η − ∂ν
∂L
∂(∂µ∂νφ)
η +
∂L
∂(∂µ∂νφ)
∂νη
)
+ γδxµ. (91)
In the case of the KdV action, the corresponding extended Lagrangian is
γ = −
1
2
φ′η˙ +
(
φ′2 −
1
2
φ˙
)
η′ −
1
3
φ′′η′′. (92)
Performing the variation of γ with respect to η, we find the KdV equation
EMη(γ) = −
1
3
φ′′′′ − 2φ′φ′′ + φ˙′, (93)
whereas varying with respect to φ, we find the Jacobi equation [18]
EMφ(γ) = −
1
3
η′′′′ − 2φ′η′′ − 2φ′′η′ + η˙′. (94)
As we mentioned earlier, the scaling transformation is ∆sφ = −φ − 3φ˙t − φ
′σ,
scales the action (73) with a factor Λ = −2. Using the extension of the symmetry
∆sη = −η− 3η˙t− η
′σ, the constant of motion Cµs in the extended formalism is
C0s =
1
2
η′φ−
1
2
φ′η + η′φ′σ + 3φ′2η′t− φ′′η′′t,
C1s =
1
2
η˙φ−
1
2
φ˙η + 3φ˙η˙t− 2φφ′η′ − 2φ′2η′σ − 6φ˙φ′η′t
+
2
3
φ′η′′ + η′′φ˙′t−
1
3
η′′′(φ + 3φ˙t+ φ′σ) + φ′2η − 3φ′2η˙t
+
1
3
φ′′η′′σ + φ′′η˙′t+
1
3
φ′′′(η − 3η˙t− η′σ), (95)
and its off-shell divergence is
∂µC
µ
s = −EMJ(−φ− 3φ˙t− φ
′σ)− EM(η − 3η˙t− η′σ), (96)
where EM is the KdV equation (74) and EMJ is the Jacobi equation (94).
Finally, the inverse of Noether theorem for the scaling symmetry of the KdV
equation is quite simple and reads
∆sφ = 3
∂C1
∂η′′′
, ∆sη + 2η = 3
∂C1
∂φ′′′
, (97)
which has the expected form because the scaling factor of the action is Λ = −2.
Notice that in contrast to the Schwarzian mechanics, there are no extra terms
here since the Jacobi equation (94) does not depend on the highest derivative
of the field, φ′′′′.
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4.7 Conserved quantities in the configuration space from
C
µ
s
Let us now project the constant of motion Cµs to configuration space by consid-
ering the following symmetries of the action:
1. Invariance under field displacements: η = 1. The resulting projection is
C0s
∣∣∣∣
η=1
= −
1
2
φ′,
C1s
∣∣∣∣
η=1
= −
1
2
φ˙+ φ′2 +
1
3
φ′′′, (98)
which coincides with Eq. (79).
2. Invariance under space translations: η = −φ′. The resulting projection is
C0s
∣∣∣∣
η=−φ′
=
1
2
φ′2 −
1
2
φφ′′ − σφ′φ′′ − 3tφ′2φ′′ + tφ′′φ′′′,
C1s
∣∣∣∣
η=−φ′
=− φ′3 + 2φφ′φ′′ + 2σφ′2φ′′ − φ′φ′′′ +
1
3
φ′′′′(φ + 3φ˙t+ φ′σ)
+
1
2
φφ˙ + 6tφ′φ′′φ˙−
1
2
φφ˙′ + 3tφ′2φ˙′ − 3tφ′φ˙′ − tφ′′φ˙′′. (99)
After some manipulation, we can extract the associated Noether current in
the configuration space. We first use the KdV equation to substitute the fourth
spatial derivative in Eq. (99), which results in
C1s
∣∣∣∣
η=−φ′
= −φ′3 − φ′φ′′′ +
1
2
φ′φ˙+
1
2
φφ˙′ + σφ′φ˙′ + 3tφ′2φ˙′ − tφ′′φ˙′′. (100)
Now, interestingly enough, we notice that the first component in (99) can be
rewritten as
C0s
∣∣∣∣
η=−φ′
= 3
(
1
2
φ′2
)
+ ∂σA, (101)
where we have defined A ≡ − 12φφ
′− 12φ
′2σ−φ′3t+ 12φ
′′2t. Moreover, from (100),
we see that
C1s
∣∣∣∣
η=−φ′
= 3
(
−
2
3
φ′3 +
1
6
φ′′2 −
1
3
φ′φ′′′
)
− ∂tA. (102)
From here, it is evident that the terms in parentheses in (101) and (102) are G0
and G1, respectively. Thus, the on-shell divergence (denoted with a bar) of this
projected Cµs is
∂¯µC
µ
s
∣∣∣∣
η=−φ′
= 3
(
∂tG
0 + ∂σG
1
)
= 0, (103)
where the function A has been canceled due to the symmetry of the mixed
derivatives. In this manner, we recover the original generators, up to the gen-
erator of a trivial symmetry transformation [18, 19].
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3. Invariance under time translations: η = −φ˙. The resulting projection is
C0s
∣∣∣∣
η=−φ˙
=
1
2
φ˙φ′ −
1
2
φφ˙′ − σφ′φ˙′ − 3tφ′2φ˙′ + tφ′′φ˙′′,
C1s
∣∣∣∣
η=−φ˙
=− φ′2φ˙−
1
3
φ′′′
(
φ˙− 3φ¨t− φ˙′σ
)
+
1
2
φ˙2 + 2φφ′φ˙′ + 2σφ′2φ˙′ −
2
3
φ′φ˙′′
+ 6tφ′φ˙φ˙′ −
1
3
σφ′′φ˙′′ − tφ˙′φ˙′′ +
1
3
φ˙′′′
(
φ+ 3φ˙t+ φ′σ
)
−
1
2
φφ¨
+ 3tφ′2φ¨− 3tφ˙φ¨− tφ′′φ¨′, (104)
and its on-shell divergence vanishes.
4. Invariance under Galilean boosts: η = σ2 + tφ
′. The resulting projection
is
C0s
∣∣∣∣
η=σ
2
+tφ′
=
1
4
φ+
1
4
σφ′ + tφ′2 +
1
2
tφφ′′ + tσφ′φ′′ + 3t2φ′2φ′′ − t2φ′′φ′′′,
C1s
∣∣∣∣
η=σ
2
+tφ′
=−
1
2
φφ′ −
1
2
σφ′2 − 2tφ′3 − 2tφφ′φ′′ − 2tσφ′2φ′′ + tφ′′2 −
1
3
tφφ′′′′
−
1
3
tσφ′φ′′′′ −
1
4
σφ˙−
1
2
tφ˙φ′ − 6t2φ˙φ′φ′′ − t2φ˙φ′′′′ +
1
2
tφφ˙′
− 3t2φ˙′φ′2 + 3t2φ˙φ˙′ + t2φ′′φ˙′′, (105)
and can be corroborated that its on-shell divergence is zero.
We can also construct a conserved current associated with the scaling sym-
metry but the result is not very illuminating. Nevertheless, a simple observation
allows us to construct a different conserved current associated also with scaling
symmetry. Notice that the Jacobi equation for the KdV equation (94) has a
peculiar property: it is the divergence of some current given by
G0 := η′, G1 := −
1
3
η′′′ − 2φ′η′,
so the Jacobi equation (94) is
∂tG
0 + ∂σG
1 = EMJ.
If we now evaluate this equation on the scaling symmetry η = φ+3tφ˙+σφ′,
we obtain
G0 = 2φ′ + 3tφ˙′ + σφ′′,
G1 = −4φ′2 −
4
3
φ′′′ − σφ˙′ − 6tφ′φ˙′ − tφ˙′′′.
In fact, taking the diverge of this current, we find
divG = EM+ ∂t(3tEM) + ∂σ(σEM),
where EM is the KdV equation. Of course, this divergence is zero on-shell
EM = 0. This current can also be cast in a more suggestive way
G0 = 2φ′ + 3tφ˙′ + σφ′′ − 3tEM,
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G1 = −4φ′2 −
4
3
φ′′′ − σφ˙′ − 6tφ′φ˙′ − tφ˙′′′ − σEM,
showing the the on shell current is exactly G0, G1. With this notation,
divG = EM.
This conserved quantity has been constructed some time ago through an elab-
orated argument in [20, 21]. KdV is not the only non linear partial differential
equation with this property. Many others interesting non linear equations share
also this property.
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5 Appendix
5.1 A1: Symmetries of the equations of motion
The infinitesimal symmetries of the equations of motion obey a very interesting
relation known as the Jacobi equation, or the second variation of the Lagrangian
action, if the system admits a variational formulation. But these symmetries are
defined just as symmetries of the equation of motion, independently of whether
the equations of motion admit a variational formulation or not. They are defined
as infinitesimal transformations that map solutions of the dynamical system into
solutions of the dynamical system. First, we can associate to every infinitesimal
symmetry that also moves the time
δqi = q¯i(t¯)− qi(t), δt = t¯− t,
an infinitesimal symmetry that does not move time, given by
∆qi = δqi − q˙iδt.
Now, if we define ∆qi = ηi(q, q˙, t), it will be a symmetry of the equations of
motion iff
q¨i − F i(qj , q˙j , t) = 0 ⇐⇒ ¨¯qi − F i(q¯j , ˙¯qj , t) = 0,
which in turn implies [6]
d¯
dt
d¯
dt
ηi −
∂F i
∂q˙j
d¯
dt
ηj −
∂F i
∂qj
ηj = 0. (106)
So, every symmetry of the equations of motion (including Noether symmetries)
are solutions of this equation. In particular, for the scaling transformation
ηi = aqi − bq˙it, the Jacobi equation gives
d¯
dt
d¯
dt
(aqi − bq˙it)−
∂F i
∂q˙j
d¯
dt
(aqj − bq˙jt)−
∂F i
∂qj
(aqj − bq˙jt) = 0, (107)
23
which in turn implies the following condition for the forces of the dynamical
system
− bt
∂F i
∂t
+ (a− 2b)F i − (a− b)
∂F i
∂q˙j
q˙j −
∂F i
∂qj
aqj = 0. (108)
For all the examples that we have considered, these equations are fulfilled. We
are unaware if these relations were considered previously in the literature. In
the case of AFF conformal mechanics, F ∼ 1
q3
, and a = 1, b = 2, so the equation
(108) reduces to
∂F
∂q
q = −3F,
thus, F must be a homogeneous function of degree −3 as expected.
5.2 A2: The Jacobi equation in terms of the Lagranigian
The coefficients of the Jacobi equation in terms of the Lagrangian function L
are
Wij =
∂2L
∂q˙i∂q˙j
, (109)
Nij =
d
dt
(
∂2L
∂q˙i∂q˙j
)
+
∂2L
∂q˙i∂qj
−
∂2L
∂qi∂q˙j
, (110)
and
Mij =
d
dt
(
∂2L
∂q˙i∂qj
)
−
∂2L
∂qi∂qj
. (111)
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